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Abstract 
Yu, J.-T., Degree bounds of minimal polynomials and polynomial automorphisms, Journal of Pure 
and Applied Algebra 92 (1994) 199-201. 
Based on the concept of minimal polynomials, we give an elementary proof of the following fact: 
If k is a field and F:k[xI,...,x,] --t k[x,, , x.1 is a polynomial automorphism, then 
deg(F-‘) I (deg F)“- r. 
1. Introduction 
Let hl,. . . , h,Ek[x,, . . . , x,_ I] contain n - 1 algebraically independent poly- 
nomials, then there exists a unique (up to a non-zero constant factor) irreducible 
polynomialm(y, ,..., y,)Ek[y, ,..., y,]suchthatm(h,,. ..,h,)=O.Wecallmthe 
minimal polynomial of hl, . . . , h,. (See [3, Lemma 1, p. 2131.) 
A question is naturally raised: How is deg m related to the deg his? 
In this short note, we prove the following: 
Theoreml. Let hI,. . . , h,Ek[x,,. . . , x,_ 1] contain n - 1 algebraically independent 
polynomials, where k is a jield, and let m(y,, . . . , y,,) be the minimal polynomial of 
h 1,. ’ * > h,. Then 
(degm)[k(xi,. . . ,xnml):k(hI,. . . , h,)] I max {deghjj . 
l<jsn 
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Any k-algebra homomorphism F : k [xl, . . . , x,] + k[x,, . . , x,] is determined 
by the images of the Xi. Thus we denote F by (fr , . . . ,f,), wherefi = F(xi) for all i. The 
degree of F is defined to be the maximum of the total degrees of the fi. As an 
application of Theorem 1, we obtain a more elementary proof of the following 
inversion degree inequality. 
Theorem 2. Let k be a jield and let 
F=(f,,. . .,f.):kCxl,. . . ,x.l+kCxl,. . . ,x,1 
be a k-algebra automorphism. Then 
deg(F-‘) I (deg F)n-l. 
Remark. Wang [2, Degree Conjecture 63, p. 4911 first conjectured that Theorem 2 
holds. The conjecture was first proved by Gabber [l, Corollary (1.4) and Theorem 
(1.5) pp. 292-2931, using some deep algebraic geometry techniques. But here it is just 
a direct consequence of Theorem 1. 
2. Proofs of Theorems 1 and 2 
Proof of Theorem 1. To simplify notation, we assume that deg h, = maxi <j s n {deg hj}. 
Set 
@(YI,. ’ . , Y,) = m(Yr, Y, - a2y1,. . , Y, - anyI). 
Without loss of generality we can assume that k is an infinite field and thus we can 
select a2,. . . , a, E k so that 4 is manic in y1 , i.e., one of the highest degree terms in $I is 
yf”” m. Since 4 is irreducible and 4(h,, h2 + a2hl,. . , h, + a,hl) = 0, it follows that 
4(YI,. . . 3 yJ is the minimal polynomial of 
hl, h2 + a2hl,. . . , h, + anhI. 
We obtain 
deg m = deg 4 = degyl (p 
= [k(h,, h2 + a2hl,. . . , h, + a,h,): k(hz + azhl, . . . , h, + a.hl)] 
= [k(h,, . . . , h,):k(hz + azhl,. . . , h, + a,hl)] 
= Ck(x,, . . . , x,-,):k(h2 + azhl,. . . , h, + a,h,)] 
Ck(x,, . . . ,x,-l):kh,. . . ,Ml 
< deg(h2 + a2hl). . .deg(h, + a,,h,) 
- Ck(x,,. . . ,xn-l):Wi,. . . ,hJl 
(by Bezout’s Theorem) 
(deg h,)“- ’ 
s [k(x,,. . . ,x,_l):k(hl,. . . ,h,)]’ 
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Thus 
(degm)Ck(xl,. . ,x,-l):k(hl,. . , Ml 
n-l 
I (degh,)“-’ = max (deghj} . q 
l<jln 
ProofofTheorem2. LetF-‘=G=(g,,..., gJ. By [3, Theorem 3, p. 2151, for each 
i, gi is the minimal polynomial of face polynomials 
fl(xi = 0)~ . . . ffn(Xi = 0) 
and 
Uxl,. . ~~Xi-l~Xn+l~~~~~ x”] = k[fi(xi = O), . . . yfn(xi = O)]. 
By Theorem 1, 
n-1 
deggi I max {degfj(xi = 0)) 
lsjsn 
n-l 
s max {degfj} = (deg &‘)“-I. 
lsj<n 
This inequality holds for all i. Thus deg G < (degF)“-‘. 0 
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